1. Introduction {#se0010}
===============

Since the famous Banach contraction mapping principle was proved in 1922 by Banach [@br0060], several mathematicians have generalized this results in several interesting directions. Interests in the results of Banach [@br0060] is due to its applications in solving problems in physics, economics, computer science, engineering, telecommunication and management sciences. The first mathematician who successfully extended the results of [@br0060] to multivalued mappings was Nadler [@br0220]. This extension was interesting because it found several applications in economics, differential inclusions, convex optimization and control theory. Consequently, several well-known authors have extensively studied the Nadler fixed point theorem [@br0220].

In 1972, Reich [@br0280] generalized Nadler\'s fixed point theorem. The following is the statement of Reich\'s fixed point theorem: a mapping $T:X\rightarrow{\mathcal{K}(\mathcal{X})}$, where $\mathcal{K}(\mathcal{X})$ is the family of every nonempty compact subsets of the set *X*, has a fixed point if it satisfies $H(Tx,Ty) \leq k(d(x,y))d(x,y)$ for each $x,y \in X$ with $x \neq y$, where $k:(0,\infty)\rightarrow\lbrack 0,1)$ is such that ${\lim\ \sup}_{r\rightarrow t_{+}}\ k(r) < 1$ for each $t \in (0,\infty)$. In 1974, Reich [@br0290] posed an open question whether the results of [@br0280] will hold if *T* takes values in $\mathcal{CB}(\mathcal{X})$ instead of $\mathcal{K}(\mathcal{X})$, where $\mathcal{CB}(\mathcal{X})$ is the family of every nonempty closed and bounded subsets of *X*. A partial answer to this Reich\'s open question was given in 1989 by Mizoguchi and Takahashi [@br0190].

In 1973, Geraghty [@br0140] gave an interesting generalization of the Banach contraction mapping principle using the concept of class $\mathcal{S}$ of function $\mu:\mathbb{R}_{+}\rightarrow\lbrack 0,1)$ with the condition $\left. \mu(t_{k})\rightarrow 1\Rightarrow t_{k}\rightarrow 0 \right.$, where $\mathbb{R}_{+}$ is the set of all nonnegative real numbers, $t \in \mathbb{R}_{+}$ and $k \in \mathbb{N}$.

The concept of modular metric spaces was introduced in 2010 by Chistyakov [@br0110], [@br0120] as a generalization of the classical modulars over linear spaces such as Orlicz spaces. Recently, Chaipunya et al. [@br0100] established some theorems for mappings satisfying Geraghty-type contractions in modular metric spaces. They applied their results in proving the existence and uniqueness of a solution to a nonhomogeneous linear parabolic partial differential equation. Similarly, Abdou [@br0010] proved some interesting theorems for mappings satisfying Reich contraction in modular metric spaces. Readers interested in studies in this direction may consult ([@br0220], [@br0280], [@br0290], [@br0020], [@br0050], [@br0080], [@br0090], [@br0200], [@br0160], [@br0270], [@br0180], [@br0170], [@br0240], [@br0230]) and the references therein.

Motivated by the results above, we introduce some class of mappings satisfying rational type inequalities in modular metric spaces. We prove some theorems on the existence and uniqueness of fixed point for our newly introduced Reich-type contraction mappings and Geraghty-type mappings satisfying rational inequalities in modular metric spaces. Our results include the results of [@br0010] and [@br0100] as special cases. Furthermore, we apply our main results in establishing the existence and uniqueness of solution of nonlinear Barbashin-type integrodifferential equation satisfying a given initial value problem in modular metric spaces.

2. Preliminaries {#se0020}
================

We begin this section with some definitions and results which will be useful in this paper.

Theorem 2.1[@br0140] *Let* $(X,\rho)$ *be a complete metric space and* $T:X\rightarrow X$ *such that there is an* $\alpha \in \mathcal{S}$ *satisfying* $\rho(Tx,Ty) \leq \alpha(\rho(x,y))\rho(x,y)$ *for all* $x,y \in X$*. Then the sequence* ${\langle x_{k}\rangle}_{k \in \mathbb{N}}$ *defined by* $Tx_{k - 1} = x_{k}$ *converges to a unique fixed point of T in X for* $k \geq 1$*.* Definition 2.1[@br0040] A partially ordered set is a pair $(A, \subseteq )$ where *A* is a set and ⊆ is a binary relation on *A* such that:(i)$a \subseteq a$ for every $a \in A$(ii)if *a* and *b* belong to *A* and $a \subseteq b$ and $b \subseteq a$, then $a = b$(iii)if $a,b$ and *c* belong to *A* and $a \subseteq b$ and $b \subseteq c$, then $a \subseteq c$.

[Theorem 2.1](#en0010){ref-type="statement"} was extended by Amini-Harandi [@br0040] to partially ordered metric spaces as follows: Theorem 2.2[@br0030] *Let* $(X, \subseteq )$ *be a partially ordered metric set and suppose that there exists a metric ρ in X such that* $(X,\rho)$ *is a complete metric space. Let* $L:X\rightarrow X$ *be an increasing mapping on X such that there exists an element* $x_{0} \in X$ *with* $x_{0} \subseteq L(x_{0})$*. Suppose that there exists* $\alpha \in \mathcal{S}$ *such that*$$\rho(Lu,Lv) \leq \alpha(\rho(u,v))\rho(u,v)$$ *for each* $u,v \in X$ *with* $u \supseteq v$*. Assume that either L is continuous or X is such that(i) if an increasing sequence* ${\langle u_{k}\rangle}_{k \in \mathbb{N}}$ *converges to* $u^{\ast}$ *in X, then* $u_{k} \subseteq u^{\ast}$*, for each k.(ii) Besides if for each* $u,v \in X$ *there exists* $z \in X$ *which is comparable to u and v.Then L has a unique fixed point.*

Definition 2.2[@br0100], [@br0150] Let *τ* be the class of functions $\varphi:\mathbb{R}_{+}\rightarrow\mathbb{R}_{+}$ such that the following conditions hold;(1)*φ* is decreasing(2)*φ* is continuous(3)$\varphi(t) = 0$ if and only if $t = 0$

We give the extension of [Definition 2.2](#en0040){ref-type="statement"} above as follows: Definition 2.3[@br0100] Let $\overset{˚}{\tau}$ be the class of functions $\varphi:\mathbb{R}_{+} \cup \{\infty\}\rightarrow\mathbb{R}_{+} \cup \{\infty\}$ such that the following conditions hold;(a)*φ* is subadditive(b)$\varphi(t)$ is finite for $0 < t < \infty$(c)$\varphi|_{\mathbb{R}_{+}} \in \tau$

With respect to [Definition 2.2](#en0040){ref-type="statement"} above, Gordji et al. in [@br0150] generalized [Theorem 2.2](#en0030){ref-type="statement"} as follows: Theorem 2.3[@br0150] *Let* $(X, \subseteq )$ *be a partially ordered set and suppose that there exists a metric ρ in X such that* $(X,\rho)$ *is a complete metric space. Let T be a nondecreasing self mapping on X such that there exists* $x_{o} \in X$ *with* $x_{o} \subseteq Tx_{o}$*. Suppose that there exists* $\beta \in \mathcal{S}$ *and* $\varphi \in \tau$ *such that*$$\varphi(\rho(Tx,Ty)) \leq \beta(\varphi(\rho(x,y)))\varphi(\rho(x,y))$$ *whenever* $x,y \in X$ *are comparable. Assume that condition (i) of* [Theorem 2.2](#en0030){ref-type="statement"} *holds. Then T has a fixed point in X.*

Definition 2.4[@br0110] Let *X* be a nonempty set. A function $\omega:\mathbb{R} \times X \times X\rightarrow\mathbb{R}_{+} \cup \{\infty\}$ is called a modular metric on *X* if for all $x,y,z \in X$ and $\lambda > 0$ the following conditions hold:(1)$\omega_{\lambda}(x,y) = 0$ for all $\lambda > 0$ $\Leftrightarrow x = y$(2)$\omega_{\lambda}(x,y) = \omega_{\lambda}(y,x)$ for $\lambda > 0$(3)$\omega_{\lambda + \nu}(x,y) \leq \omega_{\lambda}(x,z) + \omega_{\nu}(z,y)$ for *λ*, $\nu > 0$.(4)If *ω* is convex, then $\omega_{\lambda + \nu}(x,y) \leq \omega_{\frac{\lambda}{\lambda + \nu}}(x,z) + \omega_{\frac{\nu}{\lambda + \nu}}(z,y)$ for *λ*, $\nu > 0$ Definition 2.5[@br0110] Let $(X,\omega)$ be a modular metric space. Fix $x_{o} \in X$. Set $X_{\omega} = X_{\omega}(x_{o}) = \{ x \in X:\omega_{\lambda}(x,x_{o}) = 0\ as\ \lambda\rightarrow\infty\}$ and $X_{\omega}^{\ast} = X_{\omega}^{\ast}(x_{o}) = \{ x \in X:\omega_{\lambda}(x,x_{o}) < \infty\ for\ \lambda > 0\}$. Where $X_{\omega}$ and $X_{\omega}^{\ast}$ are said to be modular spaces centered at $x_{o}$.

Definition 2.6[@br0100], [@br0130] A modular metric on *X* is said to be nondecreasing with respect to $\lambda > 0$ if for any $x,y \in X$ and $0 < \mu < \lambda$ such that $\omega_{\lambda}(x,y) \leq \omega_{\lambda - \mu}(x,x) + \omega_{\mu}(x,y) = \omega_{\mu}(x,y)$ for any $x,y \in X$ and $\lambda > 0$. We set $\omega_{\lambda^{+}}(x,y): = \lim\limits_{\epsilon \uparrow 0}\omega_{\lambda + \epsilon}(x,y)$ and $\omega_{\lambda^{-}}(x,y): = \lim\limits_{\epsilon \downarrow 0}\omega_{\lambda - \epsilon}(x,y)$ Remark 2.1For any $x,y \in X$, if a metric modular *ω* on *X* has a finite value and $\omega_{\lambda}(x,y) = \omega_{\mu}(x,y)$ for all $\lambda,\mu > 0$, then $\rho(x,y) = \omega_{\lambda}(x,y)$ is a metric on *X*. Definition 2.7[@br0100], [@br0110] Let $X_{\omega}$ be a modular metric space and ${\langle x_{n}\rangle}_{n \in \mathbb{N}}$ be a sequence in $X_{\omega}$. Then(a)A point $x \in X_{\omega}$ is called a limit of ${\langle x_{n}\rangle}_{n \in \mathbb{N}}$ if for each $\lambda,\epsilon > 0$ there exists $N \in \mathbb{N}$ such that $\omega_{\lambda}(x_{n},x) < \epsilon$ for all $n \geq N$.A sequence that has a limit is said to be convergent or converges to *x* which we write as $\lim\limits_{n\rightarrow\infty}x_{n} = x$(b)A sequence ${\langle x_{n}\rangle}_{n \in \mathbb{N}} \in \mathbb{N}$ is said to be a Cauchy sequence if for each $\lambda,\epsilon > 0$, there exists $N \in \mathbb{N}$ such that $\omega_{\lambda}(x_{n},x_{m}) < \epsilon$ whenever $n,m \geq N$.(c)If every Cauchy sequence in $X_{\omega}$ converges in $X_{\omega}$, then $X_{\omega}$ is said to be a complete modular metric space. Next, we state the result of Chaipunya et-al [@br0100] in modular metric space as follows: Theorem 2.4[@br0100] *Let* $X_{\omega}$ *be a complete modular metric space with a partial ordering* ⊆ *and* $T:X_{\omega}\rightarrow X_{\omega}$ *such that for each* $\lambda > 0$ *there exists* $\eta(\lambda) \in (0,\lambda)$ *such that*$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \eta(\lambda)}(x,y)) + \alpha_{2}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(x,Tx)) + \alpha_{3}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(y,Ty))$$ *where* $\varphi \in \overset{˚}{\tau}$ *and* $(\alpha_{1},\alpha_{2},\alpha_{3}) \in \mathcal{S}_{3}$ *with* $\alpha(t) + 2\max\{{\lim\ \sup}_{t \geq 0}\ \alpha_{2}(t) + {\lim\ \sup}_{t \geq 0}\ \alpha_{3}(t)\} < 1$*. Assume also that if a nondecreasing sequence* ${\langle x_{n}\rangle}_{n \in \mathbb{N}} \in \mathbb{N}$ *converges to* $x^{\ast}$ *and* $x_{n} \subseteq x^{\ast}$ *for each* $n \geq 1$ *and there exists* $x_{0} \in X_{\omega}$ *such that* $\omega_{\lambda}(x_{0},Tx_{0}) < \infty$ *for all* $\lambda > 0$*, then the following conditions hold:*(i)*T has a fixed point* $x_{0} \in X_{\omega}$(ii)*The sequence* ${\langle T^{n}x_{0}\rangle}_{n \in \mathbb{N}}$ *converges to* $x_{0}$

With the help of Definition 2.3, Theorem 2.2 of Chaipunya et al. [@br0100] can be stated as follows: Theorem 2.5[@br0100] *If all conditions of* [Theorem 2.4](#en0120){ref-type="statement"} *hold, and if φ is subadditive and for any* $x,y \in X_{\omega}$*, there exists* $z \in X_{\omega}$ *with* $z \subseteq Tz$ *and* $\omega_{\lambda}(z,Tz)$ *is finite for all* $\lambda > 0$ *such that z is comparable to both* $x\ {and}\ y$*, then T has a unique fixed point in* $X_{\omega}$*.*

We now give a construction that follows from [@br0100] before spelling out our results. For each $n \in \mathbb{N}$, let $\mathcal{S}_{n}$ be the class of n-tuples of functions $\{\mu_{1},\mu_{2},\cdots\mu_{n}\}$ and for each $i \in \{ 1,2,3,\cdots,n\}$, the map $\mu_{i}:\mathbb{R}_{+} \cup \{\infty\}\rightarrow\lbrack 0,1)$, so that we have the following $\left. \mu(t_{k}): = \mu_{1}(t_{k}) + \mu_{2}(t_{k}) + \cdots\mu_{n}(t_{k})\rightarrow 1\Rightarrow t_{k}\rightarrow 0 \right.$. Now for each $m \in \{ 1,2,\cdots,n\}$, suppose that $\{\mu_{1},\mu_{2},\cdots\mu_{m}\} \in \mathcal{S}_{m}$, then $\{\mu_{1},\mu_{2},\cdots\mu_{m},\underset{︸}{0,0,0\cdots,0}\} \in \mathcal{S}_{m}$, where 0 is a zero function. Again, if $\underset{n\ times}{\underset{︸}{\{\mu,\mu,\cdots\mu\}}} \in \mathcal{S}_{n}$, then $\left. \mu(t_{k})\rightarrow\frac{1}{n}\Rightarrow t_{k}\rightarrow 0 \right.$. If $\{\mu_{1},\mu_{2},\cdots\mu_{n}\} \in \mathcal{S}_{n}$, then $\pi(\mu_{1},\mu_{2},\cdots\mu_{n}) \in \mathcal{S}_{n}$ is a permutation of $(\mu_{1},\mu_{2},\cdots\mu_{n})$. If $(\mu_{1},\mu_{2},\cdots\mu_{n} \in \mathcal{S}_{n}$, then its subsequences i.e.; $(\mu_{n_{1}},\mu_{n_{2}},\cdots\mu_{n_{m}}) \in \mathcal{S}_{m}$ for each $m \in \{ 1,2,\cdots,n\}$. $\mu_{n_{i}} \neq \mu_{n_{j}}$ for all $i,j \in \{ 1,2,\cdots,m\}$, where $\mu_{n_{i}} \in \{\mu_{1},\mu_{2},\cdots\mu_{n}\}$.

3. Main results {#se0030}
===============

We begin this section by proving the following results.

Theorem 3.1*Let* $X_{\omega}$ *be a complete modular metric space with a partial ordering* ⊆ *and a self map* $T:X_{\omega}\rightarrow X_{\omega}$ *such that for each* $\lambda > 0$*, there is* $\nu(\lambda) \in (0,\lambda)$ *and assuming that if a non-decreasing sequence* ${\langle x_{n}\rangle}_{n \in \mathbb{N}}$ *converges to* $x^{\ast}$*, then* $x_{n} \subseteq x^{\ast}$ *for each* $n \in \mathbb{N}$*, the following conditions hold:(1) if φ is sub-additive and for any* $x,y \in X_{\omega}$*, there exists* $z \in X_{\omega}$ *with* $z \subseteq Tz$ *and* $\omega_{\lambda}(z,Tz)$ *is finite for all* $\lambda > 0$ *such that z is comparable to both* $x,y \in X_{\omega}$*.*$$(2)\qquad\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \nu(\lambda)}(x,y)) + \alpha_{2}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(x,Tx)) + \alpha_{3}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(y,Ty)) + \alpha_{4}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(Tx,Ty)) + \alpha_{5}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(Tx,y)) + \alpha_{6}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(y,Ty)\lbrack 1 + \omega_{\lambda}(x,y)\rbrack}{1 + \omega_{\lambda}(x,Tx)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(y,Ty)\lbrack 1 + \omega_{\lambda}(x,Tx)\rbrack}{1 + \omega_{\lambda}(x,y)} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(x,Tx)\lbrack 1 + \omega_{\lambda}(x,y)\rbrack}{1 + \omega_{\lambda}(y,Tx) + \omega_{\lambda}(x,y)} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(x,y)\lbrack 1 + \omega_{\lambda}(y,Ty)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(Tx,Ty)} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(Tx,Ty)\lbrack 1 + \omega_{\lambda}(x,Ty)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(x,Ty)} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(Tx,Ty)\lbrack 1 + \omega_{\lambda}(y,Ty) + \omega_{\lambda}(Tx,y)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(Tx,Ty)} \right\}.$$*Then T has a unique fixed point in* $X_{\omega}$*, where* $\varphi \in \tau$*,* $\{\alpha_{1},\alpha_{2},\cdots,\alpha_{11}\} \in \mathcal{S}_{11}$ *and* $\max\{\sup_{t \geq 0}\alpha_{1}(t),\sup_{t \geq 0}\alpha_{2}(t),\cdots,\sup_{t \geq 0}\alpha_{11}(t)\} < 1$

ProofLet $x_{o} \in X_{\omega}$ such that $\omega_{\lambda}(x_{o},Tx_{o}) < \infty\ \forall\ \lambda > 0$. It is clear that the sequence ${\langle T^{n}x_{o}\rangle}_{n \in \mathbb{N}}$ is non-decreasing. Assume that, for each $n \in \mathbb{N}$, there exists $\lambda_{n} > 0$ such that $\omega_{\lambda_{n}}(T^{n}x_{o},T^{n + 1}x_{o}) \neq 0$. Otherwise we are done. For each $n \geq 1$, if $0 < \lambda < \lambda_{n}$, then we have $\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o}) \neq 0$. Since $T^{n}x \subseteq T^{n + 1}x$, we have from condition (2) that $\varphi(\omega_{\lambda_{n}}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) = \varphi(\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o}))$. Take $x = T^{n - 1}x_{o}$ and $y = T^{n}x_{o}$, hence we have;$$\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})} \right\}\quad + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\quad \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\}\quad + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n}x_{o},TT^{n - 1}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\}\qquad\qquad\qquad\qquad\qquad\qquad + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\qquad\qquad\qquad \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})} \right\}\qquad\qquad\qquad + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\qquad\qquad\qquad \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n}x_{o})} \right\}\qquad\qquad\qquad + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})} \right\}.$$On simplifying we get,$$\varphi\left( \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})) \leq \alpha_{1}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \times \varphi\left( \omega_{\lambda + \nu(\lambda)}\left( T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})))\varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{3}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})))\varphi\left( \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{4}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})))\varphi\left( \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{5}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})))\varphi\left( \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o})) + \alpha_{6}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})\rbrack \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}) \right.} \right\} + \alpha_{7}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})\rbrack \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}) \right.} \right\} + \alpha_{8}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})\rbrack \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}) \right. \right.} \right\} + \alpha_{9}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})\rbrack \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o}) \right. \right.} \right\} + \alpha_{10}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n + 1}x_{o})\rbrack \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n + 1}x_{o}) \right. \right.} \right\} + \alpha_{11}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o})))\qquad \times \varphi\left\{ \frac{\omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o})\left\lbrack 1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o}) + \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o})\rbrack \right. \right. \right. \right.}{1 + \omega_{\lambda}\left( T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}\left( T^{n}x_{o},T^{n + 1}x_{o}) \right. \right.} \right\}. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right. \right.$$ So we have$$\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})).$$Thus,$$\left\{ 1 - \left\{ \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \right\} \right\} \times \varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \right\} \times \varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})).$$ Therefore,$$\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq k\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) \leq \varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) \leq \varphi(\omega_{\lambda}(T^{n - 2}x_{o},T^{n - 1}x_{o})) \vdots \leq \varphi(\omega_{\lambda}(x_{o},Tx_{o})) < \infty,$$ where $k = \frac{h_{1}}{h_{2}}$$$h_{1}: = 1 - \left\{ \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \right\},$$ and$$h_{2}: = \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))).$$ Hence $\{\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o}))\}$ is non-decreasing and bounded below for which the sequence converges to some real number $m \geq 0$ (say). If $m > 0$, then we see that$$\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \left\{ \alpha_{1}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) + \alpha_{2}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) + \alpha_{3}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) + \alpha_{4}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) + \alpha_{6}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) + \sum\limits_{i = 7}^{11}\left( \alpha_{i}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \right) \right\} \times \varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})).$$$${or}\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) \leq \left\{ \sum\limits_{i = 1}^{4}\left( \alpha_{i}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \right) + \sum\limits_{i = 6}^{11}\left( \alpha_{i}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \right) \right\} \times \varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})),$$ as $n\rightarrow\infty$,$$1 \leq \underset{n}{\lim\ \inf}\left\{ \sum\limits_{i = 1}^{4}\left( \alpha_{i}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \right)\quad + \sum\limits_{i = 6}^{11}\left( \alpha_{i}\left( \varphi\left( \omega_{\lambda}\left( T^{n - 1}x_{o},T^{n}x_{o} \right) \right) \right) \right) \right\}.$$ So we have that$$\lim\limits_{n\rightarrow\infty}\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) = 0,$$ hence,$$\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}) = 0,$$ which is a contradiction.Therefore$$\lim\limits_{n\rightarrow\infty}\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) = 0,$$ so we have$$\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o}) = 0.\ \forall\ \lambda > 0$$ Now, we demonstrate that ${\langle T^{n}x_{o}\rangle}_{n \in \mathbb{N}}$ is a Cauchy sequence in $X_{\omega}$. We prove this by contradiction. Suppose that there exists $\lambda_{o},\epsilon > 0$ for which we can define subsequences ${\langle T^{m_{k}}x_{o}\rangle}_{n \in \mathbb{N}}$ and ${\langle T^{n_{k}}x_{o}\rangle}_{n \in \mathbb{N}}$ of the sequence ${\langle T^{n}x_{o}\rangle}_{n \in \mathbb{N}}$ such that for $n_{k} > m_{k} > k$, $\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o}) \geq \epsilon$, but $\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) < \epsilon$. Now, $T^{m_{k}}x_{o} \subseteq T^{n_{k}}x_{o}$, we have $\epsilon \leq \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})$ which implies that $\varphi(\epsilon) \leq \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) = \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})$. Set $x = T^{m_{k} - 1}x_{o}$ and $y = T^{n_{k} - 1}x_{o}$ into [(3.1)](#fm0040){ref-type="disp-formula"}, then we have$$\varphi(\epsilon) \leq \varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \alpha_{1}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o} + \nu(\lambda_{o})}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{m_{k} - 1}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})) + \alpha_{5}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{m_{k} - 1}x_{o})} \right\} + \alpha_{7}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{m_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{m_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},TT^{m_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \begin{array}{r}
\frac{\omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(TT^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda}(TT^{m_{k} - 1}x_{o},TT^{n_{k} - 1}x_{o})} \\
\end{array} \right\}.$$ So, we have that$$\varphi(\epsilon) \leq \varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \alpha_{1}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o} + \nu(\lambda_{o})}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \alpha_{5}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})))\varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})} \right\} + \alpha_{7}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{m_{k}}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k}}x_{o})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \times \varphi\left\{ \begin{array}{r}
\frac{\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})} \\
\end{array} \right\}.$$ Which we write as;$$\varphi(\epsilon) \leq \varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \varphi(\omega_{\lambda_{o} + \nu(\lambda_{o})}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})) + \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})} \right\} + \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\} + \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{m_{k}}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})} \right\}\qquad\qquad\quad + \varphi\left\{ \frac{\omega_{\lambda}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})} \right\}\qquad\qquad\quad + \varphi\left\{ \frac{\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k}}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k}}x_{o})} \right\} + \varphi\left\{ \begin{array}{r}
\frac{\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})\lbrack 1 + \omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})\rbrack}{1 + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\lambda}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})} \\
\end{array} \right\}.$$Using the fact that $1 + \omega_{\lambda_{0}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o}) \leq 1 + \omega_{\lambda_{0}}(T^{m_{k} - 1}x_{o},T^{n_{k - 1}}x_{o})$, and $\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o}) < \epsilon$ we have;$$\varphi(\epsilon) \leq \varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \varphi(\omega_{\nu(\lambda_{o})}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o}) + \omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\epsilon) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\frac{\lambda_{0}}{2}}(T^{m_{k} - 1}x_{o},T^{m_{k}}) + \omega_{\frac{\lambda_{0}}{2}}(T^{m_{k}}x_{o},T^{n_{k} - 1})) + \varphi(\omega_{\frac{\lambda_{0}}{2}}(T^{m_{k}}x_{o},T^{n_{k} - 1}) + \omega_{\frac{\lambda_{0}}{2}}(T^{n_{k} - 1}x_{o},T^{n_{k}})) + \varphi(\omega_{\frac{\lambda_{0}}{2}}(T^{n_{k}}x_{o},T^{n_{k} - 1}) + \omega_{\frac{\lambda_{0}}{2}}(T^{n_{k} - 1}x_{o},T^{m_{k}})),$$ as $k\rightarrow\infty$, we obtain that $\varphi(\epsilon) \leq \lim\limits_{k\rightarrow\infty}\varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \varphi(\epsilon)$ which implies that $\lim\limits_{k\rightarrow\infty}\varphi(\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) = \varphi(\epsilon)$. Hence$$\lim\limits_{k\rightarrow\infty}\omega_{\lambda_{0}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o}) = \epsilon.$$ Again,$$\varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) \leq \varphi(\omega_{\lambda_{o} + \nu(\lambda_{o})}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o}))\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o}))\varphi(\omega_{\lambda_{o}}(T^{n_{k}}x_{o},T^{m_{k}}x_{o}))\qquad\qquad\qquad \leq \varphi(\omega_{\frac{\nu(\lambda_{o})}{2}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \omega_{\lambda_{o}}(T^{n_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\frac{\nu(\lambda_{o})}{2}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o}) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k} - 1}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k} - 1}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \varphi(\omega_{\frac{\lambda_{0}}{2}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o})) + \omega_{\lambda_{o}}(T^{n_{k}}x_{o},T^{n_{k} - 1}x_{o}) + \omega_{\frac{\lambda_{0}}{2}}(T^{m_{k} - 1}x_{o},T^{m_{k}}x_{o}) + \varphi(\omega_{\lambda_{o}}(T^{m_{k}}x_{o},T^{n_{k}}x_{o})) + \varphi(\omega_{\lambda_{o}}(T^{n_{k}}x_{o},T^{m_{k}}x_{o})).$$ As $k\rightarrow\infty$, we obtain that $\varphi(\epsilon) \leq \lim\limits_{k\rightarrow\infty}\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) \leq \varphi(\epsilon)$ which implies that $\lim\limits_{k\rightarrow\infty}\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) = \varphi(\epsilon)$. Hence $\lim\limits_{k\rightarrow\infty}\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}) = \epsilon$. Thus, we have that$$1 \leq \lim\limits_{k\rightarrow\infty}\inf\left\{ \alpha_{1}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{2}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{3}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{4}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{5}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{6}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{7}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{8}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{9}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{10}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) + \alpha_{11}(\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}))) \right\}.$$ Therefore, $\lim\limits_{k\rightarrow\infty}\varphi(\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o})) = 0$ which implies that$$\lim\limits_{k\rightarrow\infty}\omega_{\lambda_{o}}(T^{m_{k} - 1}x_{o},T^{n_{k} - 1}x_{o}) = 0,$$ which is an absurdity. Hence ${\langle T^{n}x_{o}\rangle}_{n \in \mathbb{N}}$ is a Cauchy sequence in $X_{\omega}$. Since $X_{\omega}$ is complete, there exists $x^{\ast} \in X_{\omega}$ such that $T^{n}x_{o}\rightarrow x^{\ast} \in X_{\omega}$. Now we show that $x^{\ast}$ is a fixed point of *T* for $\lambda > 0$, we have that$$\varphi(\omega_{\lambda}(T^{n + 1}x_{o},Tx^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) = \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \varphi(\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})).$$ Putting $x = T^{n - 1}x_{o}$ and $y = T^{n}x_{o}$ into Equation [3.1](#fm0040){ref-type="disp-formula"} we have;$$\varphi(\omega_{\lambda}(T^{n + 1}x_{o},Tx^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) = \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \varphi(\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n}x_{o},TT^{n - 1}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n}x_{o})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},TT^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})} \right\}.$$Simplifying further we have$$\varphi(\omega_{\lambda}(T^{n + 1}x_{o},Tx^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},TT^{n - 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n - 1}x_{o},TT^{n}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n - 1}x_{o},TT^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(TT^{n - 1}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n - 1}x_{o},T^{n + 1}x_{o})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})\lbrack 1 + \omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o}) + \omega_{\lambda}(T^{n}x_{o},T^{n}x_{o})\rbrack}{1 + \omega_{\lambda}(T^{n}x_{o},T^{n}x_{o}) + \omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})} \right\}.$$Thus,$$\varphi(\omega_{\lambda}(T^{n + 1}x_{o},Tx^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}x_{o},x^{\ast})) + \alpha_{1}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n - 1}x_{o},T^{n}x_{o})))\varphi(\omega_{\lambda}(T^{n}x_{o},T^{n + 1}x_{o})).$$ After some algebraic expression, and letting $n\rightarrow\infty$, we have that $\varphi(\omega_{\lambda}(x^{\ast},Tx^{\ast})) \leq 0$ which implies that $\omega_{\lambda}(x^{\ast},Tx^{\ast}) \leq 0$ which shows that $Tx^{\ast} = x^{\ast}$. Hence $x^{\ast}$ is a fixed point of *T*. Finally we prove the uniqueness. We know that *T* has a fixed point $x^{\ast} \in X_{\omega}$. Suppose that there is another fixed point of *T* i.e.; $y^{\ast} \in X_{\omega}$, then by condition (1) if $z \in X_{\omega}$ with $z \subseteq Tz$ and it is comparable to both $x^{\ast}$ and $y^{\ast}$ and $T^{n}z$ is also comparable to $x^{\ast}$ nd $y^{\ast}$ for each $n \in \mathbb{N}$. Now for $\lambda > 0$, then $\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast}))$ and $\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast}))$.Claim: $x^{\ast} = y^{\ast}$. Indeed, using Equation [3.1](#fm0040){ref-type="disp-formula"}, we have by taking $x = T^{n}z$ and $y = x^{\ast}$$$\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) = \varphi(\omega_{\lambda}(T^{n + 1}z,Tx^{\ast})) = \varphi(\omega_{\lambda}(TT^{n}z,Tx^{\ast})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n}z,x^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,TT^{n}z)) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(x^{\ast},Tx^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(TT^{n}z,Tx^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(TT^{n}z,x^{\ast})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(x^{\ast},Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n}z,TT^{n}z)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(x^{\ast},Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,TT^{n}z)\rbrack}{1 + \omega_{\lambda}(T^{n}z,x^{\ast})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,TT^{n}z)\lbrack 1 + \omega_{\lambda}(T^{n}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(x^{\ast},TT^{n}z) + \omega_{\lambda}(T^{n}z,x^{\ast})} \right\}\qquad\qquad + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,x^{\ast})\lbrack 1 + \omega_{\lambda}(x^{\ast},Tx^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,x^{\ast}) + \omega_{\lambda}(TT^{n}z,Tx^{\ast})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n}z,Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,Tx^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,x^{\ast}) + \omega_{\lambda}(T^{n}z,Tx^{\ast})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n}z,Tx^{\ast})\lbrack 1 + \omega_{\lambda}(x^{\ast},Tx^{\ast}) + \omega_{\lambda}(TT^{n}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,x^{\ast}) + \omega_{\lambda}(TT^{n}z,Tx^{\ast})} \right\}.$$So that,$$\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,T^{n + 1}z)) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(x^{\ast},Tx^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,Tx^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(x^{\ast},Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n}z,T^{n + 1}z)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(x^{\ast},Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,T^{n + 1}z)\rbrack}{1 + \omega_{\lambda}(T^{n}z,x^{\ast})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,T^{n + 1}z)\lbrack 1 + \omega_{\lambda}(T^{n}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(x^{\ast},T^{n + 1}z) + \omega_{\lambda}(T^{n}z,x^{\ast})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,x^{\ast})\lbrack 1 + \omega_{\lambda}(x^{\ast},Tx^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,x^{\ast}) + \omega_{\lambda}(T^{n + 1}z,Tx^{\ast})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n + 1}z,Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,Tx^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,x^{\ast}) + \omega_{\lambda}(T^{n}z,Tx^{\ast})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\qquad \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n + 1}z,Tx^{\ast})\lbrack 1 + \omega_{\lambda}(x^{\ast},Tx^{\ast}) + \omega_{\lambda}(T^{n + 1}z,x^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,x^{\ast}) + \omega_{\lambda}(T^{n + 1}z,Tx^{\ast})} \right\},$$ which gives us$$\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})).$$ Now,$$\left\{ 1 - \left\{ \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \right\} \right\}\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) \leq \left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n},x^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \right\}\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})).$$So that,$$\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast})) \leq h\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n - 1}z,x^{\ast})) \vdots \leq \varphi(\omega_{\lambda}(z,x^{\ast})) < \infty,$$ where $h = \frac{h_{1}}{h_{2}}$$$h_{1}: = 1 - \left\{ \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \right\}.$$ And$$h_{2}: = \left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \right\}.$$ Therefore, $\{\varphi(\omega_{\lambda}(T^{n + 1}z,x^{\ast}))\}$ is non-decreasing and bounded below which converges to some real number $\beta \geq 0$ (say). For $\beta > 0$ and by Equation [3.15](#fm0180){ref-type="disp-formula"} we have that $\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n}z,x^{\ast})) = 0\ \forall\ \lambda > 0$. We can see that as $n\rightarrow\infty$ in Equation [3.29](#fm0330){ref-type="disp-formula"}, we have that$$1 \leq \lim\limits_{n\rightarrow\infty}\inf\left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,x^{\ast}))) \right\}.$$Therefore, $\lim\limits_{n\rightarrow\infty}\varphi(\omega_{\lambda}(T^{n}z,x^{\ast})) = 0$, which implies that$$\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n}z,x^{\ast})) = 0\ \forall\ \lambda > 0.$$ Hence $T^{n}z\rightarrow x^{\ast}$ as $n\rightarrow\infty$. Again, $T^{n}z$ is also comparable with $y^{\ast}$ for each $n \in \mathbb{N}$. Now for $\lambda > 0$, using Equation [3.1](#fm0040){ref-type="disp-formula"}, we have by taking $x = T^{n}z$ and $y = y^{\ast}$$$\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) = \varphi(\omega_{\lambda}(T^{n + 1}z,Ty^{\ast})) = \varphi(\omega_{\lambda}(TT^{n}z,Ty^{\ast})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda + \nu(\lambda)}(T^{n}z,y^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,TT^{n}z)) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(x^{\ast},Ty^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(TT^{n}z,Ty^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(TT^{n}z,y^{\ast})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(y^{\ast},Ty^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n}z,TT^{n}z)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(y^{\ast},Ty^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,TT^{n}z)\rbrack}{1 + \omega_{\lambda}(T^{n}z,y^{\ast})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,TT^{n}z)\lbrack 1 + \omega_{\lambda}(T^{n}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(y^{\ast},TT^{n}z) + \omega_{\lambda}(T^{n}z,y^{\ast})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,y^{\ast})\lbrack 1 + \omega_{\lambda}(y^{\ast},Ty^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,y^{\ast}) + \omega_{\lambda}(TT^{n}z,Ty^{\ast})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n}z,Ty^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,Ty^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,y^{\ast}) + \omega_{\lambda}(T^{n}z,Ty^{\ast})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(TT^{n}z,Ty^{\ast})\lbrack 1 + \omega_{\lambda}(y^{\ast},Ty^{\ast}) + \omega_{\lambda}(TT^{n}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(TT^{n}z,y^{\ast}) + \omega_{\lambda}(TT^{n}z,Ty^{\ast})} \right\}\qquad\qquad\qquad\qquad \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,T^{n + 1}z)) + \alpha_{3}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(y^{\ast},Ty^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,Ty^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{6}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(y^{\ast},Ty^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n}z,T^{n + 1}z)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(y^{\ast},Tx^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,T^{n + 1}z)\rbrack}{1 + \omega_{\lambda}(T^{n}z,x^{\ast})} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,T^{n + 1}z)\lbrack 1 + \omega_{\lambda}(T^{n}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(y^{\ast},T^{n + 1}z) + \omega_{\lambda}(T^{n}z,y^{\ast})} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n}z,y^{\ast})\lbrack 1 + \omega_{\lambda}(y^{\ast},Ty^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,y^{\ast}) + \omega_{\lambda}(T^{n + 1}z,Ty^{\ast})} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n + 1}z,Ty^{\ast})\lbrack 1 + \omega_{\lambda}(T^{n}z,Ty^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,y^{\ast}) + \omega_{\lambda}(T^{n}z,Ty^{\ast})} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \times \varphi\left\{ \frac{\omega_{\lambda}(T^{n + 1}z,Ty^{\ast})\lbrack 1 + \omega_{\lambda}(y^{\ast},Ty^{\ast}) + \omega_{\lambda}(T^{n + 1}z,y^{\ast})\rbrack}{1 + \omega_{\lambda}(T^{n + 1}z,y^{\ast}) + \omega_{\lambda}(T^{n + 1}z,Ty^{\ast})} \right\}.$$ On simplifying, we have$$\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) \leq \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})))\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})).$$ Now,$$\left\{ 1 - \left\{ \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \right\} \right\} \times \varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast}))$$$$\leq \left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n},y^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \right\} \times \varphi(\omega_{\lambda}(T^{n}z,y^{\ast})).$$ So that,$$\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast})) \leq \kappa\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) \leq \varphi(\omega_{\lambda}(T^{n - 1}z,y^{\ast})) \vdots \leq \varphi(\omega_{\lambda}(z,y^{\ast})) < \infty,$$ where $\kappa = \frac{\kappa_{1}}{\kappa_{2}}$$$\kappa_{1}: = 1 - \left\{ \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \right\}.$$ And$$\kappa_{2}: = \left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \right\}.$$ Therefore, $\{\varphi(\omega_{\lambda}(T^{n + 1}z,y^{\ast}))\}$ is non-decreasing and bounded below which converges to some real number $\sigma \geq 0$ (say).For $\sigma > 0$ and by Equation [3.15](#fm0180){ref-type="disp-formula"} we have that $\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n}z,y^{\ast})) = 0\ \forall\ \lambda > 0$. Observe that as $n\rightarrow\infty$ in Equation [3.37](#fm0410){ref-type="disp-formula"}, we have that$$1 \leq \lim\limits_{n\rightarrow\infty}\inf\left\{ \alpha_{1}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{2}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{4}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{5}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{8}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{9}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{10}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) + \alpha_{11}(\varphi(\omega_{\lambda}(T^{n}z,y^{\ast}))) \right\}.$$ Therefore, $\lim\limits_{n\rightarrow\infty}\varphi(\omega_{\lambda}(T^{n}z,y^{\ast})) = 0$ which implies that $\lim\limits_{n\rightarrow\infty}\omega_{\lambda}(T^{n}z,y^{\ast})) = 0\forall\ \lambda > 0$. Hence $T^{n}z\rightarrow y^{\ast}$ as $n\rightarrow\infty$. These limits are unique. Indeed, suppose that $\lim\limits_{n\rightarrow\infty}T^{n}z$ exists and not unique. Let $\lim\limits_{n\rightarrow\infty}T^{n}z = x^{\ast}$ and $\lim\limits_{n\rightarrow\infty}T^{n}z = y^{\ast}$, where $x^{\ast} \neq y^{\ast}$. For each $\lambda > 0$, $x^{\ast} \neq y^{\ast}\Rightarrow\omega_{\lambda}(x^{\ast},y^{\ast}) > 0$. If we take $\epsilon_{1} = \frac{1}{2}\omega_{\lambda}(x^{\ast},y^{\ast}) > 0$ then for $\lambda > 0$, $\lim\limits_{n\rightarrow\infty}T^{n}z = x^{\ast}\Rightarrow$ given $\epsilon_{1} > ,\ \exists\ m_{1} \in \mathbb{N}$ such that $\omega_{\frac{\lambda}{2}}(T^{n}z,x^{\ast}) < \epsilon_{1}$ for $n > m_{1}$. Again, $\lim\limits_{n\rightarrow\infty}T^{n}z = y^{\ast}\Rightarrow$ given $\epsilon_{1} > ,\exists\ m_{2} \in \mathbb{N}$ such that $\omega_{\frac{\lambda}{2}}(T^{n}z,y^{\ast}) < \epsilon_{1}$ for $n > m_{2}$. Set $m = \max\{ m_{1},m_{2}\}$, then for $n \geq m$, we have$$\omega_{\lambda}(x^{\ast},y^{\ast}) \leq \omega_{\frac{\lambda}{2}}(T^{n}z,x^{\ast}) + \omega_{\frac{\lambda}{2}}(T^{n}z,y^{\ast}) < \epsilon_{1} + \epsilon_{1} = 2\epsilon_{1}.$$ Which shows that $\omega_{\lambda}(x^{\ast},y^{\ast}) < \omega_{\lambda}(x^{\ast},y^{\ast})$ for $\lambda > 0$. This is an absurdity.Hence, $x^{\ast} = y^{\ast}$. Therefore the fixed point is unique and our proof is complete. □

Remarks 3.1(a)If $\varphi \in \tau$ and $\{\alpha_{1},\alpha_{2},\alpha_{3} \in \mathcal{S}_{3}\}$ with $\alpha(t) + 2\max\{\lim\sup_{t \geq 0}\alpha_{2}(t) + {\lim\ \sup}_{t \geq 0}\ \alpha_{3}(t)\} < 1$ and all conditions of [Theorem 3.1](#en0140){ref-type="statement"} hold, we obtain Theorem 2.1 of [@br0100].(b)If the conditions of [Theorem 3.1](#en0140){ref-type="statement"} hold, and *φ* is subadditive, $\{\alpha_{1},\alpha_{2},\alpha_{3} \in \mathcal{S}_{3}\}$ with $\alpha(t) + 2\max\{{\lim\ \sup}_{t \geq 0}\ \alpha_{2}(t) + {\lim\ \sup}_{t \geq 0}\ \alpha_{3}(t)\} < 1$, we obtain Theorem 2.2 of [@br0100].(c)If $\alpha_{1} \in \mathcal{S}$, *T* is continuous, $\nu(v) \in (0,\lambda)$ for $\lambda > 0$ and $\varphi \in \tau$, we obtain Corollary 2.4 of [@br0100].(d)If $\omega_{\lambda}(Tx,Ty) = \lambda\varphi\left( \frac{\rho(Tx,Ty)}{\lambda} \right)$ for $\lambda > 0$ then a complete modular space becomes a complete metric space and our results are valid in this setting.

Corollary 3.2*If all the conditions of* [Theorem 3.1](#en0140){ref-type="statement"} *hold and* $\alpha_{i} \in \mathcal{S}_{11}$ *for odd* $i^{\prime}s$*. Then T has a unique fixed point.* ProofFor $\lambda > 0$, then the condition (2) of [Theorem 3.1](#en0140){ref-type="statement"} becomes$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \nu(\lambda)}(x,y)) + \alpha_{3}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(y,Ty)) + \alpha_{5}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(Tx,y)) + \alpha_{7}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(y,Ty)\lbrack 1 + \omega_{\lambda}(x,Tx)\rbrack}{1 + \omega_{\lambda}(x,y)} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(x,y)\lbrack 1 + \omega_{\lambda}(y,Ty)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(Tx,Ty)} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(Tx,Ty)\lbrack 1 + \omega_{\lambda}(y,Ty) + \omega_{\lambda}(Tx,y)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(Tx,Ty)} \right\}.$$ Then by [Theorem 3.1](#en0140){ref-type="statement"}, we have that *T* has a unique fixed point in $X_{\omega}$. □

Corollary 3.3*If all the conditions of* [Theorem 3.1](#en0140){ref-type="statement"} *holds and* $\alpha_{i} \in \mathcal{S}_{11}$ *for even* $i^{\prime}s$*. Then T has a unique fixed point.*

ProofFor $\lambda > 0$, then observe that condition (2) of [Theorem 3.1](#en0140){ref-type="statement"} becomes$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{2}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(x,Tx)) + \alpha_{4}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(Tx,Ty)) + \alpha_{6}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(y,Ty)\lbrack 1 + \omega_{\lambda}(x,y)\rbrack}{1 + \omega_{\lambda}(x,Tx)} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(x,Tx)\lbrack 1 + \omega_{\lambda}(x,y)\rbrack}{1 + \omega_{\lambda}(y,Tx) + \omega_{\lambda}(x,y)} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(x,y))) \times \varphi\left\{ \frac{\omega_{\lambda}(Tx,Ty)\lbrack 1 + \omega_{\lambda}(x,Ty)\rbrack}{1 + \omega_{\lambda}(Tx,y) + \omega_{\lambda}(x,Ty)} \right\}.$$ Then by [Theorem 3.1](#en0140){ref-type="statement"}, we have that *T* has a unique fixed point in $X_{\omega}$. □

Corollary 3.4*If all the conditions of* [Theorem 3.1](#en0140){ref-type="statement"} *hold and* $\alpha_{1} \in \mathcal{S}_{11}$*, then T has a unique fixed in* $X_{\omega}$*.* ProofFor $\lambda > 0$, there exists $\nu(\lambda) \in (0,\lambda)$ such that$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \nu(\lambda)}(x,y))$$ Hence, by [Corollary 3.2](#en0170){ref-type="statement"} we have that *T* has a unique fixed point in $X_{\omega}$. □

Corollary 3.5*If we exclude condition (1) of* [Theorem 3.1](#en0140){ref-type="statement"}*, such that other conditions of* [Theorem 3.1](#en0140){ref-type="statement"} *hold with* $\{\alpha_{1},\alpha_{2},\alpha_{3} \in \mathcal{S}_{11}\}$ *and φ is subadditive, then T has a fixed point in* $X_{\omega}$*.*

Proof$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \nu(\lambda)}(x,y)) + \alpha_{2}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(x,Tx)) + \alpha_{3}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(y,Ty)).$$ [Theorem 3.1](#en0140){ref-type="statement"} without condition (1) confirms that *T* has a fixed point. □

Corollary 3.6*If all conditions of* [Theorem 3.1](#en0140){ref-type="statement"} *hold with* $\{\alpha_{1},\alpha_{2},\alpha_{3} \in \mathcal{S}_{11}\}$*, then T has a unique fixed point in* $X_{\omega}$*.*

ProofObserve that condition (2) of [Theorem 3.1](#en0140){ref-type="statement"} becomes:$$\varphi(\omega_{\lambda}(Tx,Ty)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda + \nu(\lambda)}(x,y)) + \alpha_{2}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(x,Tx)) + \alpha_{3}(\varphi(\omega_{\lambda}(x,y)))\varphi(\omega_{\lambda}(y,Ty)).$$Therefore, by [Theorem 3.1](#en0140){ref-type="statement"} we have that *T* has a unique fixed point. □

4. Application {#se0040}
==============

In this section, we apply our results in proving the existence and uniqueness of solution of a nonlinear second order Barbashin-type integrodifferential equation satisfying a given initial value problem in modular metric spaces $X_{\omega}$.

Barbashin in [@br0070] first initiated the study of the integrodifferential equation of the type$$\frac{\partial u(t,x)}{\partial t} = c(t,x)u(t,x) + \int\limits_{a}^{b}k(t,x,y)u(t,y)dy + f(t,x)$$ which arises in the study of mathematical modeling. For further study, interested reader may see [@br0260], [@br0250].

Next, we consider the nonlinear Barbashin-type integrodifferential equation of the form:$$\frac{\partial u(t,x)}{\partial t} = f(t,x,u(t,x)) + \int\limits_{a}^{b}g(t,x,y,u(t,y),u_{x}(t,y))dy + h(t,x)$$ which satisfies the initial condition $u(0,x) = u_{o}(x)$ for $(t,x) \in \Delta$, where $f \in (\Delta \times \mathbb{R},\mathbb{R})$, $g \in (\Delta \times \mathcal{I} \times \mathbb{R},\mathbb{R})$, $h \in \mathcal{C}(\Delta \times \mathbb{R})$, $u_{o} \in C(\mathcal{I},\mathbb{R})$ are given functions, and $u = u(t,x)$ is the unknown function to be found, in which $\mathcal{I} = \lbrack a,b\rbrack \subset \mathbb{R},a < b$ and $\Delta = \mathbb{R}_{+} \times \mathcal{I}$. Let *E* be the space of function and $\lambda > 0$ is a constant. The norm defined on the space *E* is given by$$\left| u(t,x) \right| = \sup\limits_{(t,x) \in \Delta}\left| u(t,x) + u_{x}(t,x) \right|$$ Where $E: = \{ u(t,x):u,u_{x} \in \mathcal{C}(\Delta)\ and\ \left| u \right| < \infty\}$. Define a function $\omega:\mathbb{R}^{+} \times E \times E\rightarrow\mathbb{R}_{+}$ given by$$\omega_{\lambda}(x,y): = \frac{1}{\lambda}\left| u - v \right|$$ is a metric modular on *E*. The set $E_{\omega}$ is a complete modular metric space independent of generators. We can now define a partial ordering ⊆ on $E_{\omega}$ by $u,v \in E_{\omega}$ such that $u(t,x) \leq v(t,x)$ and $u_{x}(t,x) \leq v_{x}(t,x)$ for each $(t,x) \in \Delta$. Let ${\langle u_{n}\rangle}_{n \in \mathbb{N}} \in E_{\omega}$ be a nondecreasing sequence converging to $u \in E_{\omega}$. For any $(t,x) \in \Delta$, we have that $u_{1}(t,x) \leq u_{2}(t,x) \leq u_{3}(t,x) \leq \cdots u_{n}(t,x)$ and ${(u_{1})}_{x}(t,x) \leq {(u_{2})}_{x}(t,x) \leq {(u_{3})}_{x}(t,x) \leq \cdots{(u_{n})}_{x}(t,x)$. But the sequences ${\langle u_{n}(t,x)\rangle}_{n \in \mathbb{N}}$ converges to $u(t,x)$ as $n\rightarrow\infty$ and ${\langle{(u_{n})}_{x}(t,x)\rangle}_{n \in \mathbb{N}}$ converges to $u_{x}(t,x)$ as $n\rightarrow\infty$. For any $(t,x) \in \Delta$, we have $u_{n}(t,x) \leq u(t,x)$ and ${(u_{n})}_{x}(t,x) \leq u_{x}(t,x)$ for all $n \in \mathbb{N}$. Hence $u_{n} \subseteq u$ for all $n \in \mathbb{N}$, so that the space $E_{\omega}$ satisfies the conditions of [Theorem 3.1](#en0140){ref-type="statement"}.

Next, we state our main results for this section as follows:

Theorem 4.1*Consider the nonlinear Barbashin-type integrodifferential equation Equation* [4.2](#fm0550){ref-type="disp-formula"} *above. Suppose that the functions* $f,g$ *in Equation* [4.2](#fm0550){ref-type="disp-formula"} *as defined above satisfies the following conditions;*(i)$\left| f(t,x,u(s,x)) - f(t,x,v(s,x)) \right| \leq C(t,x)\left| u - v \right|$*.*(ii)$\left| g(s,x,y,u(s,y),u_{x}(s,y)) - g(s,x,y,v(s,y),v_{x}(s,y) \right| \leq k(s,x,y)|u - v + u_{x} - v_{x}|$ *Then Equation* [4.2](#fm0550){ref-type="disp-formula"} *has a unique solution in* $E_{\omega}$*.*

ProofSolving Equation [4.2](#fm0550){ref-type="disp-formula"}, we obtain the integral equation of the form:$$u(t,x) = \phi(t,x) + \int\limits_{0}^{t}f(t,x,u(s,x))ds + \int\limits_{0}^{t}\int\limits_{a}^{b}g(s,x,y,u(s,y),u_{x}(s,y))dyds,$$ where $\phi(t,x) = u_{o}(x) + \int_{0}^{t}h(s,t)ds$.Let $u,v \in E_{\omega}$, and we define the operator, *T* by$$(Tu)(t,x) = \phi(t,x) + \int\limits_{0}^{t}f(t,x,u(s,x))ds + \int\limits_{0}^{t}\int\limits_{a}^{b}g(s,x,y,u(s,y),u_{x}(s,y))dyds$$ for all $(t,x) \in \Delta$ and $\phi(t,x) = u_{o}(x) + \int_{0}^{t}h(s,t)ds$. The mapping *T* is nondecreasing by definition. Since $u,v \in E_{\omega}$, we define a partial ordering $u \subseteq v$ on $E_{\omega}$. Now we shall complete the proof in two cases.**Case 1.** Suppose that $u \neq v$, then we proceed as follows; for $\lambda > 0$, we have$$\frac{1}{\lambda}((Tu)(t,x) - (Tv)(t,x)) = \frac{1}{\lambda}\phi(t,x) + \int\limits_{0}^{t}f(t,x,u(s,x))ds + \int\limits_{0}^{t}\int\limits_{a}^{b}g(s,x,y,u(s,y),u_{x}(s,y))dyds - \phi(t,x) - \int\limits_{0}^{t}f(t,x,v(s,x))ds - \int\limits_{0}^{t}\int\limits_{a}^{b}g(s,x,y,v(s,y),v_{x}(s,y))dyds.$$$$\left. \frac{1}{\lambda}\left| (Tu)(t,x) - (Tv)(t,x) \right| \leq \frac{1}{\lambda}\int\limits_{0}^{t}\left| f(t,x,u(s,x)) - f(t,x,v(s,x)) \right|ds + \frac{1}{\lambda}\int\limits_{0}^{t}\int\limits_{a}^{b} \middle| g(s,x,y,u(s,y),u_{x}(s,y)) - g(s,x,y,v(s,y),v_{x}(s,y)) \middle| dyds \leq \frac{1}{\lambda}\int\limits_{0}^{t}C(s,x)\left| u - v \right|ds + \frac{1}{\lambda}\int\limits_{0}^{t}\int\limits_{a}^{b}k(s,x,y)\left| u - v + u_{x} - v_{x} \right| \leq k_{1}\omega_{\lambda}(u,v) + k_{2}\omega_{\lambda}(u,v) = (k_{1} + k_{2})\omega_{\lambda}(u,v). \right.$$$$\therefore\frac{1}{\lambda}\left| (Tu)(t,x) - (Tv)(t,x) \right| \leq (k_{1} + k_{2})\omega_{\lambda}(u,v)$$ Equivalently,$$\frac{1}{\lambda}\left| {(Tu)}_{x}(t,x) - {(Tv)}_{x}(t,x) \right| \leq (k_{3} + k_{4})\omega_{\lambda}(u,v)$$ where $k_{1} = \int_{0}^{t}C(s,x)ds < \infty$ and $k_{2} = \int_{0}^{t}C^{\prime}(s,x)ds < \infty$, $k_{3} = \int_{0}^{t}\int_{a}^{b}k(s,x,y)dyds < \infty$ and $k_{4} = \int_{0}^{t}\int_{a}^{b}k^{\prime}(s,x,y)dyds < \infty$. Combining Equation [4.9](#fm0620){ref-type="disp-formula"} and Equation [4.10](#fm0630){ref-type="disp-formula"}, we have$$\omega_{\lambda}(Tu,Tv) \leq L\omega_{\lambda}(u,v)$$ for $L < 1$ where $L = (k_{1} + k_{2}) + (k_{3} + k_{4})$. Which shows that Equation [4.5](#fm0580){ref-type="disp-formula"} has strong *ω*- contractive. We can write $- L\omega_{\lambda}(u,v) \leq - \omega_{\lambda}(Tu,Tv)$. Since $\varphi(.)$ is continuous and noticing also that $\varphi( - t) = \varphi(t)$ for $t < 0$, we have$$- L\omega_{\lambda}(u,v) \leq - \omega_{\lambda}(Tu,Tv)\varphi( - L\omega_{\lambda}(u,v)) \leq \varphi( - \omega_{\lambda}(Tu,Tv))L\varphi(\omega_{\lambda}(u,v)) \leq \varphi(\omega_{\lambda}(Tu,Tv)).$$ **Case 2.** If $u = v$ the above inequality holds. Recall that condition 2 of [Theorem 3.1](#en0140){ref-type="statement"} states;$$\varphi(\omega_{\lambda}(Tu,Tv)) \leq \alpha_{1}(\varphi(\omega_{\lambda}(u,v)))\varphi(\omega_{\lambda + \nu(\lambda)}(u,v)) + \alpha_{2}(\varphi(\omega_{\lambda}(u,v)))\varphi(\omega_{\lambda}(u,Tu)) + \alpha_{3}(\varphi(\omega_{\lambda}(u,v)))\varphi(\omega_{\lambda}(v,Tv)) + \alpha_{4}(\varphi(\omega_{\lambda}(u,v)))\varphi(\omega_{\lambda}(Tu,Tv)) + \alpha_{5}(\varphi(\omega_{\lambda}(u,v)))\varphi(\omega_{\lambda}(Tu,v)) + \alpha_{6}(\varphi(\omega_{\lambda}(u,v))) \times \varphi\left\{ \frac{\omega_{\lambda}(v,Tv)\lbrack 1 + \omega_{\lambda}(u,v)\rbrack}{1 + \omega_{\lambda}(u,Tu)} \right\} + \alpha_{7}(\varphi(\omega_{\lambda}(u,v))) \times \varphi\left\{ \frac{\omega_{\lambda}(v,Tv)\lbrack 1 + \omega_{\lambda}(u,Tu)\rbrack}{1 + \omega_{\lambda}(u,v)} \right\} + \alpha_{8}(\varphi(\omega_{\lambda}(u,v))) \times \varphi\left\{ \frac{\omega_{\lambda}(u,Tu)\lbrack 1 + \omega_{\lambda}(u,v)\rbrack}{1 + \omega_{\lambda}(v,Tu) + \omega_{\lambda}(u,v)} \right\} + \alpha_{9}(\varphi(\omega_{\lambda}(u,v))) \times \varphi\left\{ \frac{\omega_{\lambda}(u,v)\lbrack 1 + \omega_{\lambda}(v,Tv)\rbrack}{1 + \omega_{\lambda}(Tu,v) + \omega_{\lambda}(Tu,Tv)} \right\} + \alpha_{10}(\varphi(\omega_{\lambda}(u,v))) \times \varphi\left\{ \frac{\omega_{\lambda}(Tu,Tv)\lbrack 1 + \omega_{\lambda}(u,Tv)\rbrack}{1 + \omega_{\lambda}(Tu,v) + \omega_{\lambda}(u,Tv)} \right\} + \alpha_{11}(\varphi(\omega_{\lambda}(u,v)))\varphi\left\{ \frac{\omega_{\lambda}(Tu,Tv)\lbrack 1 + \omega_{\lambda}(v,Tv) + \omega_{\lambda}(Tu,v)\rbrack}{1 + \omega_{\lambda}(Tu,v) + \omega_{\lambda}(Tu,Tv)} \right\}.$$ Therefore, by [Theorem 3.1](#en0140){ref-type="statement"} Equation [4.5](#fm0580){ref-type="disp-formula"} has a unique solution in $E_{\omega}$. The proof of [Theorem 4.1](#en0270){ref-type="statement"} is completed. □
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